Lemma. 
which is the conclusion of part (a).
(b) We'll just do the U part. We are to prove that if you add a finite number of points to IP, U (IP, f, α) gets smaller. By induction, it suffices to prove that adding one point to IP makes U (IP, f, α) smaller. So assume that IP ′ = IP ∪ {y}. For notational simplicity, let's assume that y ∈ (x 0 , x 1 ). Then
Then, by parts (b) and (a),
Definition (Upper and Lower Stieltjes Integrals) The upper and lower Stieltjes integrals are
Remark.
(a) As α is monotonic and f is bounded, 
Proof: (i) =⇒ (ii): Let ε > 0. By (i), there is a partition IP ε with
for all choices T for IP ε . By definition
We have, for all partitions IP,
Let ε > 0. By (ii), there is a partition IP ε with
As this is true for all ε > 0, we must have 
